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§ 1 Quick Introduction to Quantum Invariants

of Knots and Links



④ Diagrammano definitin of knots & hks
ReideMeister Moves
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、

_ { e . components demツレ器
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'
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a finite Sequence of (DI ) 、

(72 ) (ロ3 )

+ isotopy



で橤た燕:::橤::: |framed linker

. equivalence : ( ILO ) に 2 ) (n.3)
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of - 1



Fi × a Strict ribbm category eQuantum invariant s
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-
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.
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Twist Or : V → V
,
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.

⇐> a Generic Immersion of Ares & loops _

clef
-

into R × [0
.
I]

S.で の interaction Point = X
a Category of l - Colored framed tangl.es た

楽 Obt Je : a finite Sequence of Objt × { t , - }
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(2 . 0)
、
. . .
. ( K . 0 ) } 0
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.
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、
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.
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(We
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de) )荵っ ー

0 (5
.
3) - tand diagram

re
. .. .ーー

Mor (ていた) : an Oriented framed (k
,
l) - tand

st
.

. each Component is Colored
by Objtthe set of framed (K

.

l ) - tangks
• に
→ if Ei = t.TifE.in -
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(R3) ! isotf ig な
tt なt.tt た 一



Theorem[Reshetikhin-Turaev, 1990]

Fi × a Strict ribbon category t • Composition
-

braidingcr.ir:0が → Wが
一

〇た 。○た : -_-〇.

f"" |𨫍景頭がで P . tensor Product
twisto.ir → T.ison . 0で の○た : = の !○
-

a category of l - Colored framed tangles た

• Obj Je i a finite Sequence of Objt × { t , - }
0 : the Empty Sequence . I ヨ ! F : た ー> t

,
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Obj Je ヨ 7 、

二 (は、
、
E
. ) 、 (が いい 」
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F (心 - ) ) = T

7
2
= ( W. .

d)
、
(Wz

.

82)
.
. . .

.
(We

,

de) ) w v w v w v w v

※ = cviw f = cii が 二 Cwt が 二 Ctw

w v w v w v w v

• Mor (ていた) : an Oriented framed (k
,
l) - tangle も =

ai.vk-cv.ua/i=cv*.w*E=ci.v*s.t.
・ each Component is Colored Vt.ir が = idir

「f = Or If = Oi'

by Objt
i r to
n = dr = br ( A = 罽 U = f )

• て 、
1 ) V

T if Ei 。t.TifEi.fiた

な な
test、 淼 t た 一



Theorem[Reshetikhin-Turaev, 1990]
e. g ( the quantum は invariant of framed

ヨ ! Fe : T -> t ,

a @ - preserving functor
Kinks

,
the Colored G Jones polynomial )

s.t.FIは
、
い ) = V

,
F (心 - ) ) = T g : a Simple Lie algebra
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§ 2 Stability of the Colored Jones Polynomial



Theorem [Lê, 2000]

Theorem[Garoufalidis-Lê, 2005]

④ Properties of the CJP
eg . k = ffggs cnn.dim.irrep 。
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Notation
. q -

holonomicntscnjemaxde.gg ( Jでい ) ・ For 入 ニ (入
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④ Stability for {J(n (8 ) } n . 0 - stability ( the tail of K )

Conjecture d by Dasbah - Lin n = 2 1 - 1 - 1 0 2 0 -2030-3030 -3 0 . .
.

& proved by Armored n = 3 1 - 1 - 1 0 0 3 - 1 -1 - 1 - 1 5 - 1 -2 -2 - 1 6 . . .

| Garoufalid is - LE n = 4 1 - 1 - 1 0 0 1 2 0 -2 - 1 - 1 1 3 1 -2 -3 .
. .

Him
②。

1 - 1 - 1 0 0 1 0 1 0 0 0 0 - 1 0 0 - 1 . . .

e.g . k = (80 Rail of {熊 (a In

_;;?_;;,; | ;;;;::;;;;:で q
' f . . . . n = 4 0 0 2 - 1 -2 - 1 - 1 1 4 1 -2 -2

n = 2 1 - 1 - 1 0 2 0 -2 0 3 0 -3 0 3 0 -3 0 . .
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0 0 2 - 1 7 4 -1 1 n . .
.

n = 3 1 - 1 - 1 0 0 3 - 1 -1 - 1 - 1 5 - 1 -2 -2 - 1 6 . . .

n = 4 1 - 1 - 1 0 0 1 2 0 -2 - 1 - 1 1 3 1 -2 -3 .
. .



Theorem[Armond, 2013]

Theorem[Armond-Dasbach, 2016]

Theorem[Garoufalidis-Lê, 2015]

Lian A - adequate Link .
L : an alterationg link 、

ヨ JN2
人

then
, <

(G ) E Z [[ q]] st then { J! (9) } is K - stable (Yeo )

らが (q ) - TT ) E で Z 〖はL
, n L

Sail of {がない }
• {fn (E ) E 区[[ED } n is K - stable

of
ヨ を。 (G ) . . . . ,

ヨ
を
k (E) E Z (1 8 ))

s.t.hu で
は" (fn (G ) - 恋画 (い ないか ) = 0

ii.斝:災簶橤::𩺊藻簗
、憥 :鈊が坳

eg f ver H
A-splicing

7 GA(D)

Qom 。;△ -.-
red

D
vs •_•

GA (D)



Theorem[Garoufalidis-Vuong, 2017]

Theorem[Y.]

e. g 、
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Ki a torus knot
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<
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§ 3 Tails and Andrews - Gordon Type Ident ities



④ Graphical Calculus 「

Linear dein theory
"

Problem =
a functor from Je to

Compute the Colored Jones polynomial a diagramratio representation

and its tail
、 of Fun Rep q

は )
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t = Rep q
は ) Kar ( Fun Repgと はい
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(鳶籤: !!彎た災籤. ..
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① Temperley - Lieb category in

Web n

」
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.



the Kauffman bracket (なが ) the A
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Theorem[Yamada, 1989]

Theorem[Masbaum, 2003]

④ Twist formalas ( な = sh )

if! = 高 はいたが 、。無灬 非篝く※

景 は蓮 = 言いが q
がいていない k ) はバー 非 !?関で(G)た ( En )に k



Theorem[Y. 2017]
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Theorem[Y. 2017]

Theorem[Y. 2020]

④ Twist formedas for (n.co ) Coloring of ds
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How to denve Twist formalas (Y
.

20 1 7 )

2- 𦥯シ = は 馬書」 は 運燼
、丶 the
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0 ) (2

.0 )



Lemma( hdf Twist Formula )
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④ coefficient of ( k ,l ) ( kten )

•

= エ Tw
・ ・

rpm Young diagram N r: Path from w : weight

y
-) ・一〉 ・

(O.O) to (k.lt mr

た。 豳釤T 川 に4
• array @ @
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④ Andrews - Gordon Type identities from the Tait of Tに、 m )

• T (2
,
m ) i = 11両 は一

M= 2 (0] m = 3 rpr

た (2
..
2m ) に 、国3.ba た (2.am ) ン= 1河・ し
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4 (a
.
b ) i = 高 9興 がで 一 岩 でだが翌 : the false theta Series

{ n coded link.LK
② quantum Spin Network! 」連 \の Linear Skin theory (Twist Formula )

fr ) ) ( 1

o = o
"

I
because the tail is invariant of L



Theorem[Armond-Dasbach, 2011]

Theorem[Hajij, 2015]

{ n coded link.LK
② quantum Spin Network! 。 \の Linear Skin theory (Twist Formula )
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Theorem[Y. 2018]

Theorem[Y. 2020]

喜ば どげだい した姿で岸二 丁書にはいい

q.am q
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し
ーー

'
=

( ITT
a

「 diagond summand
"

a_q )にど )
は )にい ばいら が

km-HET
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in Bringrnam
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2
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2
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nney J意、 m ,
CGI =一'Jで

( q )(1 - q) ( 1- ど ) T (2 , m)
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